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, , de Rham , Hasse-Witt
. ,
Hasse , Hasse-Witt \sim
, Hasse-Witt
. , , p , Ekedahl-Oort
, Verschiebung
(Dieudonn\’e , ).
$X$ $k$ . $P$ , $X$
fine . $\pi:garrow X$ $X$
, $e:Xarrow g$ . $g/X$ $\Omega_{\mathit{9}/X}^{1}$ $e$
, $X$
$\omega:=e^{*}\Omega_{d/X}^{1}$
. $\omega$ Hodge (Hodge bundle) . $X$ Frobenius $F_{\mathrm{a}\mathrm{b}\mathrm{s}}$ : $Xarrow$
$X$ $g$ $\mathit{8}^{(p)}$ , $X$ Robenius $F:\mathit{8}arrow$
$\mathit{8}^{(p)}$
$G:=\mathrm{K}\mathrm{e}\mathrm{r}(F:garrow d^{(p)})$
p X G Cartier GD Frobenius
$F^{D}$ : $G^{D}arrow(G^{D})^{[p)}=(G^{(p)})^{D}$ . $F^{D}$ Cartier $V:G^{(p)}arrow G$ , $G$
Verschiebung (Verschiebung morphism) . $V$ Lie Lie $c\mathfrak{c}_{\mathrm{P})}arrow$
Lie $G$ . –
Lie $G=\mathrm{L}\mathrm{i}\mathrm{e}g=\omega^{\vee}$ , Lie $G^{(p)}=(\omega^{\vee})^{8p}$
( $\omega^{\vee}$ $\omega$ ), $X$ $(\omega^{\vee})^{\otimes \mathrm{P}}arrow\omega^{\vee}$ .
,




, Hasse , Hasse
.
, $H^{0}(X, \omega^{\copyright k})$ $p$ , $k$ (automorphic form) (
$X$ ). , $H$ $p$,
$p-1$ . $G$ ,
:
Hasse $H$ $x\in X$ (resp. ) ,
(resp. ) .
, Hasse H , Hasse ( 2.1)
. , ( 3.1) , $H$
1 .
Hasse , –
. , $P$ $g$
fine $X$ , $\pi:\mathscr{A}arrow X$,
$e:Xarrow$ , Hodge
$\omega:=\det(e^{*}\Omega_{d/X}^{1})$
( $\Omega_{\mathit{9}/X}^{1}$ 1 , ).
$(g=1)$ , $\mathrm{K}\mathrm{e}\mathrm{r}(F:\mathscr{A}arrow \mathscr{A}^{(\mathrm{p})})$ Verschiebung Lie
, Hasse HO(X,\mbox{\boldmath $\omega$}\otimes (p-l))
.
$H\in H^{0}(X, \omega^{\otimes(p-1)})$
$\langle$ . p k g $A$ , $A[p](k)\cong(\mathbb{Z}/p\mathbb{Z})^{\oplus g}\text{ }$
. , $A$ ,
E9\rightarrow A (E ), $A$
( “$A[\mathrm{p}](k)=0$” . $k$
, $E$ .
. [LO] ). $H$ $x\in X$ (resp.
) , (resp. ) . $H$ $P$ ,
$\mathrm{p}-1$ Siegel (Siegel automorphic form) ( $P$ Siegel
, [FC] ).








, H , Hasse
. ,
, Hasse .
2.2. 2.1 , [Sil] Hasse , $\{0,1\}$
, Hasse , $k$ 1
Lie $(E)^{\otimes(1-p)}$ “ ” . Lie$(E)$
, $k/k^{\mathrm{x}}$ ,
Hasse “ ” . ,
$k/k^{\mathrm{x}}=\{0,1\}$ .
3.
3.1. . , $P$ $P>0$ $k$
. $D_{p}$ $\mathbb{Q}$ $P$ $\infty$ .
. k E , End$(E):=$
$\mathrm{H}\mathrm{o}\mathrm{m}_{k}(E, E)$ $E$ . $\mathrm{E}\mathrm{n}\mathrm{d}^{0}(E):=\mathrm{E}\mathrm{n}\mathrm{d}(E)\otimes_{\mathrm{Z}}\mathbb{Q}$ $D_{p}$
. ([Sil]).
Deuring 1941 , $k$ , $D_{p}$
$h(D_{p})$ $([\mathrm{D}\mathrm{e}\mathrm{u}])$ .- , Eichler 1938 $h(D_{p})$
,
$h(D_{p})= \frac{p-1}{12}+\frac{1}{3}\{1-(\frac{-3}{p})\}+\frac{1}{4}\{$ $1-( \frac{-4}{p})\}$
$\text{ _{}\overline{/\mathrm{T}\backslash }}\llcorner f.\sim([\mathrm{E}\mathrm{i}])$ . $-$ $(_{\overline{p}})$ Legendre $=-\Rightarrow \mathrm{E}\text{ }$ . Deuring Qffiae $k\text{ }b\text{ _{}\llcorner}^{}k$
$\vee \mathrm{C},$ $\text{ }\sigma)B^{\backslash }\Phi t\mathrm{h}$ , k \Phi g,g‘ffl .
3.2. . , $k$ , j- (j-invariant)
. , $k$ $E,$ $E’$ , j-
$j(E)=j(E’)$ . X(l)(
) \iota - $\mathrm{P}^{1}$
. (Supersingular




“ ” , Eichler ?
, 1958 .




$(p-1)\cdot$ “$\deg\omega"=$ “$\deg(\omega^{\otimes(p-1)})$ ”
=( $X(1)$ )
, Hodge degree “$\deg\omega^{)}$’
1 $\mathrm{a}$ ( , $X(1)$ [ coarse ,
degree “$\mathrm{d}\mathrm{e}\mathrm{g}$” ).
[Ig] . $p=2$ . $p>2$ , $\mathrm{A}^{1}\backslash \{0,1\}$
$Y^{2}=X(X-1)(X-\lambda)$ . , $\omega$
degree , \mbox{\boldmath $\lambda$} .
$(p-1)/2$ .
$\mathrm{A}^{1}\backslash$ { $0$ , l}\rightarrow \rightarrow (j- ), $\lambda\mapsto 2^{8}\frac{(1-\lambda(1-\lambda))^{3}}{\lambda^{2}(1-\lambda)^{2}}$
? $=0$,1728 6 . , (p-1)/12+( )
. $j=0$,1728 . $\mathbb{C}$ $j=0$,1728
, $\text{ _{}P}$ (mod 12)
.
, , , Eichler
. , [Ig] “Deuring thought
that such a direct computation was nicht leicht (not easy).” .




, , 3.1?\breve \check k)\langle (
) . 3,1 ,
83
[DR] [KM] . , Th. Zink display
3.1 $([\mathrm{Z}\mathrm{i}])$ .
3.3. Eichler , $p$ $P$
Legendre .
, ( , $\mathbb{Q}(\sqrt{\pm p})$ $\mathbb{Q}(\zeta_{p})$ $p$
, . ,
?). [Ig] , , $-\cdot \mathcal{D}$
:
p $($mod $12)_{\lrcorner}$ , $j=$
$0$ ,1728 ( $\mathbb{C}$ ) .
– . Eichler
. , $\Gamma_{0}(p)$ 2
(Eichler Basis Problem, ) , $\Gamma_{0}(p)$
, . ( $\mathrm{S}\mathrm{L}_{2}(\mathbb{Z})$
, $j=0$,1728 . $\lambda$- $X(2)$




, . , p $(\mathrm{m}\mathrm{o}\mathrm{d} N)_{\lrcorner}$
, . ,
Q E , Elkies
$E$ $0$ $([\mathrm{E}1])$ ,
E Legendre . (







p , 2 2




$\bullet$ , PEL(polarization, en-
domorphism, level structure) .
, .
$\bullet$ . ,




$L$ $([\mathrm{C}],$ $[\mathrm{K}\mathrm{o}1],$ $[\mathrm{K}\mathrm{o}2]$ ,
[HT] $)$ .
Rapoport-Zink, Clozel, Kottwitz, Harris-Taylor
( – ) , “ ” “Kottwitz
” ([RZ1], [C], [Kol], [Ko2], [HT]).
CM $\mathrm{G}\mathrm{L}(n)$ ( ) $\ell$ Galois
( Langlands – ), Harris-Taylor $p$ $\mathrm{G}\mathrm{L}(n)$
Langlands . Langlands
, , Henniart ,
.
41. $G$ . , $F/\mathbb{Q}$ , $F$ $P$ .
$P$ $P=v\cdot v^{\mathrm{c}}$ ( $c\in \mathrm{G}\mathrm{a}1(F/\mathbb{Q})$ ). $B$ $F$ $n^{2}$
$B\otimes_{F}$ $\cong M_{n}(F_{v})$ ( $F_{v}$ $F$ $v$ ).
$*:Barrow B$ 2 (involution of 2nd kind) . , $*$ Q-
, $x,$ $y\in B$ $(xy)^{*}=y^{*}x^{*}$ , $a\in F$ $a^{*}=a^{\mathrm{c}}$ .
, $*$ (positive) . , $x\in B^{\mathrm{x}}$ tr$F/\mathbb{Q}(X\cdot X^{t})>0$
. $V$ 1 $B$ . $\mathbb{Q}$ $\langle, \rangle:V\mathrm{x}Varrow \mathbb{Q}$
, $b\in B,$ $v,$ $w\in V$ \langle , $w\rangle$ $=\langle v, b^{*}w\rangle$ .
$\mathbb{Q}$ $G$ , $\mathbb{Q}$- $R$ ,
$G(R):=\{(g, \lambda)\in \mathrm{E}\mathrm{n}\mathrm{d}_{B}(V\otimes_{\mathbb{Q}}R)\cross R^{\mathrm{x}}|\langle gv, gw\rangle=\lambda\langle v, w\rangle(\forall v, w\in V)\}$
.
42. Sh . A $\mathbb{Q}$ , $\mathrm{A}^{p}$ A $p$
. $K_{\infty}\subset G(\mathbb{R})$ mod , $K_{p}\subset G(\mathbb{Q}_{p})$
85
, $K^{p}\subset G(\mathrm{A}^{p})$ . ,
$\mathrm{S}\mathrm{h}(\mathbb{C})=G(\mathbb{Q})\backslash G(\mathrm{A})/K_{\infty}K^{p}K_{p}$
C n-l . Sh(C) C
. $K^{p}\subset G(\mathrm{A}^{p})$
, fine . Sh $F$
. , 6$F$ $F$ , $6_{F,v}$ $v$
, $\mathrm{S}\mathrm{h}l\mathrm{h}\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}P_{F}$,v . , $\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}\theta_{F}$,v n–l
Sh , C- Sh(C)
– ( [Kol] ).
, . $G’$ $G$ ,
$G’(\mathbb{R})\cong \mathrm{U}(1, n-1)$
. , Sh(C) U(l, n–l) (Cn-l )
.
41 . $P$ $K_{p}\subset G(\mathbb{Q}_{p})$
. $K_{p}$ , $\mathrm{S}\mathrm{h}/\mathrm{s}_{\mathrm{p}\mathrm{e}\mathrm{c}}\sigma_{F,v}$ . [HT]
$K_{p}$ . , [TY] , $K_{p}$
( ) .
4.2. 2 , CM
. , , – (l, n–l),
$(0, n)$ :
$G’(\mathbb{R})\cong \mathrm{U}(1, n-. 1)\cross \mathrm{U}(\mathrm{O}, n)\cross\cdots\cross \mathrm{U}(\mathrm{O}, n)$.
[HT] , , 1





4.3. . $\mathrm{S}\mathrm{h}/\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}a_{F,v}$ fine
, $\mathscr{A}arrow \mathrm{S}\mathrm{h}/\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}\rho_{F,v}$ . $\mathscr{A}/\mathrm{S}\mathrm{h}$
$n^{2}=\dim_{F}B$ .
$\mathscr{A}/\mathrm{S}\mathrm{h}$
$P$ $\mathscr{A}[p^{\infty}]$ . $\mathscr{A}[p^{\infty}]$ (height) $2n^{2}$ , $n^{2}$ $P$
Sh . $d[p^{\infty}]$ $\theta_{B}\otimes \mathrm{z}\mathbb{Z}_{p}=M_{n}(\theta_{F,v})\cross M_{n}(\theta_{F,v^{\mathrm{c}}})$
86
, \infty \infty ] : $\mathscr{A}[p^{\infty}]=\mathscr{A}[v^{\infty}]\oplus \mathscr{A}[(v^{\mathrm{c}})^{\infty}]$ . $\mathscr{A}[(v^{c})^{\infty}]$
$\mathscr{A}[v^{\infty}]$ Serre ( $m$ , [(vc)m] , $\mathscr{A}[v^{m}]$
Cartier ). , ( )p d[v\infty \infty ] , p
$\mathscr{A}[\mathfrak{g}^{\infty}’]$ – . , $e=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(1,0, \ldots, 0)$ ,
$\mathscr{A}[v^{\infty}]rightarrow$ = $e\cdot \mathscr{A}[v^{\infty}]$ , $J\backslash \ell_{n}(a_{F,v})$ - [v\infty \infty ] , $P$ 9
– ( ).
“
$G’(\mathbb{R})\cong \mathrm{U}(1, n-1)$ ” , $\mathscr{G}$ $n$ 1 $P$ .
, $\mathscr{A}[v^{\infty}]$ $n^{2}$ , $n$ , $\mathscr{A}[(v^{c})^{\infty}]$ $n^{2}$ , $n(n-1)$ .
, $\mathscr{A}[p^{\infty}]$ $2n^{2}$ , $n^{2}$ $P$ .
Sh p x . x fl, V ,
. , p \infty ]
(Serre-Tate ).
,
$n^{2}$ ( $\theta_{B}$ , )
$rightarrow n^{2}1:1$
$P$ )\infty \infty ] ( $M_{n}(\theta_{F,v})\cross M_{n}(\theta_{F,v^{\mathrm{c}}})$ , )
$rightarrow n1:1$
$P$ $[v^{\infty}]$ ( $M_{n}(\theta_{F,v})$ , )
$rightarrow 11:1$
$P$ ( , )
1 1 . Sh $x$
, , Sh 1 $P$
.
4.3. $P$ , $6_{F,v}=\mathbb{Z}_{p}$ ,
. , CM
, $\theta_{F,v}$ .
44. P . , ,v $k(v)$ $k:=$
$\overline{k(v)}$ . , $X:=\mathrm{S}\mathrm{h}\otimes,kF,v$ . $X$ $n$ 1 $P$ 9\rightarrow X
. X , , p k-
(stratification) . ,
.
$x\in X(k)$ , $P$ $k$- $[p](k)$ $\mathrm{F}_{p}$





, $h=-1$ $X^{[-1]}=X^{(-1)}=\emptyset$ . ,
.
$\bullet$
$P$ 1 $P$ ,
$x\in X^{(h)}(k)\Leftrightarrow$ $[p](k)\cong(\mathbb{Z}/p\mathbb{Z})^{\oplus h}\Leftrightarrow$ $\cong\Sigma_{n-h}\oplus(\mathbb{Q}_{p}/\mathbb{Z}_{p})^{\oplus h}$
. \Sigma n-h n-h l (Qp n-h Lubin-
Tate ) , $\mathbb{Q}_{P}/\mathbb{Z}_{P}$ $P$ .




$h$ , $X\text{ }\backslash X^{(h)}=X^{[h-1]}\subset$
X $([\mathrm{H}\mathrm{T}])$ .
$\bullet$ $x\in X^{(n-1)}(k)$ , ,
$\hat{\mathrm{G}}_{m}$ ( $\hat{\mathrm{G}}_{m}$ $\mathbb{Q}_{P}$ 1 Lubin-Tate
).
4.4. $P$ Siegel $P$
Ekedahl-Oort ([01]),
. , Ekedahl-Oort Newton




. 1 $P$ /X Lie
$\mathscr{L}:=(\mathrm{L}\mathrm{i}\mathrm{e}\mathscr{G})^{\vee}$
. X , H0dge
(Hodge ).
5.1. $\mathscr{L}^{\otimes 2n}\cong\omega$ . , $\mathscr{L}$ $X$ .
$\omega$ ([MB]. [FC] ) .




(1) $H_{h}$ $X^{(h)}\subset X^{[h]}$ , $X^{[h-1]}\subset X^{[h]}$ – .
(2) $\mathscr{L}^{\otimes 2n}\cong\omega$ , 2
Hasse $H$ $H_{n-1}$ , $H_{n-1}^{\otimes 2n}=H$ .
$H_{h}$ – Hasse (generalized Hasse invari-
ant) . (1) ( 3.1) (
“ ” ). (2) , , $X$ Hasse
$H$ $X^{[n-2]}$ $2n$ . , $X$ $H$
(X Siegel
, ). , $H_{n-1}$
Hasse H .
5.3. $\mathbb{Q}$ $\mathrm{G}\mathrm{L}(2)$ ,
, “ ”
(“ ” ). , p ,
. $n=2$ , $\mathrm{U}(1,1)$
, l p s \infty ] , d[p\infty ]
$\mathit{9}[\mathrm{p}^{\infty}]^{\oplus 4}\text{ }$ n=2 , Hasse 2n=4
, .
. 2 Hasse
, $g/X$ Frobenius $F:y[p]arrow \mathscr{G}[p]$ ,
$h<n-1$ $\mathrm{K}\mathrm{e}\mathrm{r}F$ $F=V=0$ .
Ekedahl-Oort $([\backslash \mathrm{O}1])$ . , $\mathrm{K}\mathrm{e}\mathrm{r}F$ , $F$
$\mathrm{k}\mathrm{e}\mathrm{r}n\mathrm{e}1$ filtration
$\mathrm{O}\subset \mathrm{K}\mathrm{e}\mathrm{r}F\subset \mathrm{K}\mathrm{e}\mathrm{r}F^{2}\subset \mathrm{K}\mathrm{e}\mathrm{r}F^{3}\subset\cdots\subset \mathscr{G}[p]$
, $V$ .
$G_{i}:=\mathrm{K}\mathrm{e}\mathrm{r}F^{i}/\mathrm{K}\mathrm{e}\mathrm{r}F^{i-1}$ $(1 \leq i\leq n-h)$
. , $n-h-1$ $F$
$F^{n-h-1}$ : $G_{n-h^{arrow G_{n-h-1^{arrow G_{n-h-2^{arrow}}^{(p^{\theta})}}}^{(p^{2})\simeq}}}^{(p)\cong}\simeq...arrow G_{1}^{(p^{n-h})}\underline{\simeq}$
. , $X^{[h]}$ $\mathrm{K}\mathrm{e}\mathrm{r}F^{n-h-1}\subset \mathrm{K}\mathrm{e}\mathrm{r}V$ ,
$V:G_{n-h}^{[p)}arrow G_{1}$
. $X^{(h)}$ \subset x , $X^{[h-l]}$ \subset X
. ,
$V\circ(F^{n-h-1})^{-1}$ : $G_{1}^{(p^{n-h})}arrow G_{1}$
89
. Lie $G_{1}=\mathrm{L}\mathrm{i}\mathrm{e}\mathscr{G}=\mathscr{L}^{\vee}$ ,
$\mathrm{H}\mathrm{o}\mathrm{m}(\mathscr{L}^{\otimes(-p^{n-h})}, \mathscr{L}^{\otimes(-1)})=H^{0}(X^{[h]}, \mathscr{L}^{\otimes(p^{n-h}}-1))$
. $H_{h}$ . ,
Dieudonn\’e . , $H_{h}$ $X^{[h-1]}$ 1
, $P$ Th. Zink display
$([\mathrm{Z}\mathrm{i}])$ .
6. 5.1, 5.2
6.1. $X^{[h-1]}\subset X^{[h]}$ . , $X^{(h)}=X^{[h]}\backslash X^{[h-1]}l\mathrm{h}$
. , X(h) l .
. 52, (1) $X^{[h-1]}\subset$ X $\mathscr{L}^{\otimes(p^{n-h}-1)}$
. ! , $\mathscr{L}^{\otimes(p^{n-h}-1)}$ . , $X^{[h-1]}$
6.2. , “Raynaud “
. Siegel “Raynaud ” , [O1]
. Siegel , Ekedahl-Oort “quasi-
affine” ( Oort





6.3. $h\geq 1$ , $\pi_{0}(X^{(h)})=\pi_{0}(X^{[h]})=\pi_{0}(X)=\pi_{0}(\mathrm{S}\mathrm{h}(\mathbb{C}))$ .
, $X^{(h)}$ , X , $\mathbb{C}$
. , ,
(cf. [HT]).
6.4. $i>h$ , $H_{\mathrm{e}’\mathrm{t},\mathrm{c}}^{i}(X^{(h)}, \Lambda)=0$ (A $=\mathbb{Z}/\ell^{n}\mathbb{Z},$ $\mathbb{Z}_{\ell},$ $\mathbb{Q}_{\ell}$).
, Harris-Taylor ,





$X^{(0)}$ $0$ , Lefschetz , $\# X^{(0)}$




$\# X^{(0)}=(\prod_{i=1}^{n-1}(p^{i}-\cdot 1))\cdot\deg \mathscr{L}$
$\neq X^{(0)}$ . ,
$\deg \mathscr{L}$ Hodge $\omega$ degree , Sh(C)
. , 65 , $P$ $X$
2 . ,
Deuring – ( 3 ).
p fine ,
3 . , ,
$\mathrm{E}\mathrm{i}\mathrm{c}\mathrm{h}\mathrm{l}\mathrm{e}\mathrm{r}$ – ,




66. $X^{[1]}$ 2 .
. . .
, $X^{[h-1]}$ \subset X[ , Lefschetz
,
$\pi_{1}(X^{[1]})arrow\pi_{1}(X)$
. - , PrO-P $\pi_{1}(X)$ $\pi_{1}(\mathrm{S}\mathrm{h}(\mathbb{C}))$ .
\mbox{\boldmath $\pi$}1(X) , \mbox{\boldmath $\pi$}1(X[1]) . X[l]
2 .
91
, p (Siege13-fo1d) ,
$\mathrm{P}^{1}$ (Moret-Bailly . [LO] ).
.
7.
“ Hasse ” ,
. , Eisenstein Ep-l Hasse 0
, , p p
, 1 Galois .
, (
“Eisenstein ” . \searrow
?). , Harris-Taylor, Taylor- $([\mathrm{H}\mathrm{T}], [\mathrm{T}\mathrm{Y}])$
, Langlands ,
. ( [I1], $[\mathrm{I}2|$ )
,
. F/Q , B ,
( ).
,
. U(p, q) Rapoport-Zink – .
, Siegel Hilbert ,
. (
) , ,
( , [IKO], [KO1], $[\mathrm{K}\mathrm{O}2]$ ,
[GO], [G], [O1], [LO], [Y] ). $P$
( ), “ ” .
, 1 ,
. , - “Hasse
” , Rapoport-Zink $p$ –
, Oort “ ”
( $[\mathrm{O}2],$ $[\mathrm{R}\mathrm{Z}2]$ , [Fa], [Ma]).
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